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1 Introduction

The propensity score is one of the key building blocks of any causal inference model. It
denotes the likelihood that an individual will be treated given key characteristics like age,
socio-economic status, and gender. For example, individuals who grow up in better socio-
economic environments might be more likely to pursue higher education. The propensity
score allows us to adjust for such cases of selection bias. Now, in the literature, we can find a
myriad of different methods to adjust for this bias using the propensity score: ranging from
including the fitted propensity in a regression model for the potential outcomes, which I focus
on my first PhD project, to inverse probability of treatment weighting (IPTW) methods. The
aim of this overview is to demystify the various ways in which the propensity score can be
used for regression models in causal inference.

2 Regression Models and Endogeneity

In causal inference, we might like to postulate a model that can both predict potential
outcomes and provide valid inference for the causal estimates of interest, like the average
treatment effect (ATE) or conditional average treatment effect (CATE).

We specify the following model that caters to these needs:

Yi = xz—-rW‘l‘tm‘FEi,y (1)

t; = .CE;FC + Eit (2)

For simplicity, we assume a continuous treatment ¢; and a continuous outcome y;. 7 de-
notes the average effect of treatment, while v and ¢ denote, respectively, the relationships
between the covariates and y; and t;. The structural error terms for the outcome and treat-
ment assignment functions are denoted respectively by ¢;, and ¢;,. We assume selection on
observables, which means that structural errors are not correlated: Cov(e;,,¢e;:) = 0.

The intuition is that, if we estimate Eq. (1) without properly accounting for Eq. (2), we
will run into the problem of endogeneity. This problem stems from two issues. Firstly, due
to x; ¢, there will be multicollinearity, i.e., the different independent variables (z; and t;) are
correlated with each other. Although this might lead to wider confidence intervals for our



estimate of 7, it will not, by itself, bias the OLS estimate of . However, if we estimate our
model with regularization, this can introduce Regularization-Induced Confounding (RIC)
and bias our estimates (Hahn et al., 2018).

Secondly, the main culprit for OLS bias is the relationship between ¢; and the composite
error term of the model. We see this when we substitute Eq. (2) into Eq. (1):

yi =x] v+ (@] CH+ ci)n + iy = a] (v +Cn) + (€04m + €1y (3)

If we estimate the simple model y; = x5+ t;n + error, the full error term is (g, +¢;,). We
can clearly see that the covariance between the treatment ¢; and this error term is non-zero:

Cov(ti,ei.m + €iy) = Cov(z] ¢ + €ir, cim + i) (4)
Assuming Cov(e; s, €;,) = 0 (selection on observables) and Cov(z,e) = 0, this simplifies to:

= Cov(gi,ta 6i,tn> ?A Oa (5)

which violates a key assumption of OLS. The violation of this assumption leads to biased es-
timates of . This is no different from having random measurement errors in our independent
variables, which would lead to the same problems.

Now that we have a brief overview what kind of issues are at play, we might look at
possible solutions. As the problem of endogeneity is a classical problem in econometrics and
statistics, the tools to solve this problem can also be applied in causal inference.

2.1 Instrumental Variables

One of the first solutions that might pop into your head if you are from an economics or
econometrics background is instrumental variable (IV) regression. Indeed, the instrumental
variable is one of the tools we have against endogeneity and has been widely employed in
the literature (Imbens and Klaauw, 1995; Angrist et al., 1996; Duflo, 2001). An instrument
Z is chosen such that Cov(T', Z) is sufficiently large, but Cov(Z,¢;,) = 0. Here, T, Z, and
€;,y denote vectors with the treatment allocation, the instrument, and the outcome residuals.
To put it simply, our aim is to find an instrument Z that is not related to ¢;,, but which is
sufficiently correlated with the endogenous covariate T'. For example, T" an indicator whether
or how much individuals comply with the treatment regime they are assigned to, while Z
an indicator whether an individual for a certain intervention. Another famous example is
to use birth year or a lottery draw as an instrument, when analyzing the effect of military
conscription Imbens and Klaauw (1995).

We can then use this instrument in a two-stage least squares (2SLS) process. In the first
stage, we regress the treatment 7' onto the instrument Z (and covariates X) to get fitted
values: X X

R ) (6)

After which we can plug #; into Eq. (1) to obtain unbiased estimates for 7, the average
treatment effect. Although 2SLS has nice properties, finding a suitable instrument in practice

is hard.



2.2 The Propensity Score as Additional Covariate

An alternative, when there is no suitable instrument, is to include the fitted treatment regime
t; as a covariate in the outcome function, by fitting Eq. (12) and obtaining #;, similar to
what we do in Eq. (6). The difference here is that we do not have an instrument, and
construct this projection of ¢; only with the covariates z;. Linero (2024) shows that in a
Bayesian setting, assuming that the priors for v and { are independent leads to a strong
prior belief that there is no confounding, which is unrealistic. Including the treatment model
fit in the outcome model helps address this. This also helps mitigate Regularization-Induced
Confounding (RIC) (Hahn et al., 2018). To solve these aforementioned issues, Hahn et al.
(2020); Linero (2024) propose to include the propensity score in their models.

This idea of using the treatment model (Eq. (2)) to help the outcome model (Eq. (1))
is the core of doubly robust methods. To see this more clearly, it is helpful to look at the
more common case of a binary treatment, where the treatment model is the propensity score,
7(x) = P(T = 1|X = x). Often the treatment assignment function is considered a nuisance
function, and is fitted using flexible machine learning methods.

In that setting, including the propensity score as a covariate shares properties with Tar-
geted Maximum Likelihood Estimation (TMLE) and doubly robust machine learning (Cher-
nozhukov et al., 2017; Van Der Laan and Rubin, 2006). This means that the estimator for n
can be consistent as long as either the outcome model (Eq. (1)) or the treatment model (Eq.
(2)) is correctly specified. In TMLE, we employ the propensity score to adjust for any bias
in the outcome function (Gruber and Van Der Laan, 2009). The intuition is that once an
initial estimate for the outcome is obtained, we can "update” it using the propensity score.
For a simple model with continuous outcome and binary treatment ¢; € (0, 1):

Yi = Ui + ¢H(7§i, ;) (7)
and

s 1(t;=1) 1(=0)

Hitew) = =2y ~ T 7w )

, where we have §; the initial estimate of the outcome, and a clever covariate H(%;, x;)
depending on the inverse propensity weights. TMLE is based on the efficient influence
function and the example given above can be generalized for continuous treatments as well.
Please see Vansteelandt and Dukes (2022) for further technical details.

2.3 Structural Equation Modeling (BDML)

While including the fitted treatment model has benefits, the derivations are not always
straightforward for complex machine learning methods (Souto and Louzada, 2024). A more
integrated solution is to model Eq. (1) and Eq. (2) as one structural equation model (SEM)
with a multivariate normal distribution.

In the Bayesian Framework, DiTraglia and Liu (2025) present this approach as Bayesian
Double Machine Learning (BDML). Instead of estimating 7 in the outcome function directly,
we first re-parameterize the model. We substitute the treatment model (Eq. (2)) into the



outcome model (Eq. (1)) to create a new, reduced-form system:

t;

T T
Yi=x; v+ (xz ¢+ 5i,t)77 +Eiy (9)
yi =] (Y +nC) + (neir + €iy) (10)

Define new reduced-form parameters 6 = y+n¢ and a new reduced-form error U; = ne; s +¢; .
This gives the bivariate reduced-form model:

Ui :xiT5+U¢ (11)

ti=x; (+eiy (12)
We now have a standard Bayesian multivariate regression, where we estimate the coefficients
(0,¢) and the 2 x 2 covariance matrix X of the reduced-form errors (U;, ;).

The key insight is that our parameter of interest, 7, is now recoverable from the compo-
nents of this new covariance matrix 3. Let o7 = Var(e;,;) and opy = Cov(Uj, €4).

oyt = COV(?]EM + Eiys 62'775) (13)
=N COV(€Z‘7t, 5i,t> + COV(@?y, 51'775) (14)
=nVar(g;s) + 0 (15)

The last step holds because our initial selection-on-observables assumption states that the
structural errors are uncorrelated, Cov(g; ,, ;) = 0.

This gives us the simple relationship: oy, = no2. Therefore, we can recover the ATE 7,
simply by dividing the covariance of the reduced-form errors by the variance of the treatment-

model error:
. COV<Ui75i,t> __Out

~ Var(ey) o7
The BDML approach, then, is to place priors on the parameters of the reduced-form model
(0,¢, %), run MCMC to get posterior samples for 3, and then for each sample, compute the
posterior draw for 7 using this ratio. This avoids the problem of RIC and prior dogmatism
that can arise from estimating the structural model directly. Potentially, this approach could
be extended such that the covariance matrix is estimated conditional on the underlying

covariates x;, this would result in an expression of 7 conditional on the covariates allowing
us to describe the CATE.

(16)

3 Conclusion

Navigating causal inference in the presence of confounding is a complex task. While simple
OLS is biased by endogeneity, and instrumental variables are often hard to find, a new class
of methods has emerged to tackle the problem directly.

We have seen that the challenge deepens with regularization, which can introduce its own
biases (RIC). The solution lies in modeling both the outcome and the treatment process.

This can be done through a two-step control function approach, as seen in the work of Hahn
et al. (2018) and Linero (2024).



However, a more integrated approach, as proposed by DiTraglia and Liu (2025), is to
jointly model the system using a reduced-form re-parameterization. By modeling the bivari-
ate system for (y;,t;) and estimating their reduced-form error covariance, we can cleverly
recover the structural causal effect n (our ATE). This Bayesian Double Machine Learning
(BDML) approach not only aligns with the principles of doubly robust estimation but also
avoids the pitfalls of prior dogmatism and RIC that can plague simpler high-dimensional
models.
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